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NOAA NWSTM PR-19

CORRECTION SHEET TO NOAA TECHNICAL MEMO
"A Program to Compute Turbulence in the Vicinity of Lee Waves
Downstream of Selected Mountains in the Hawaiian Islands"
In equaﬁions (7), (8), and (9): change h to a.

Page 2, para 2, 4th line: Change equation to: zi - 23 > w2/4h2.

2

Page 3, para 2, 2nd line: Change equation to: m2/4h s eeas

Page 3, para 2, 8th line: Change sentence to read: ves.flow, a is
height of mountain above the terrain, b is the half width of the
mountain.....

Page 3 para 2, 10th line: Change sentence to read: ....at distance
x from the crest of the mountain ridge and h is the mountain
height above sea level, Ul is the wind....

Page 5, para 2, 1llth line: Insert the following sentence ahead of
"The following table applies”.

a is determined by substracting p from h.

Page 5, Table 1: Change column h to a. Change values under column a to:

Koolaus/NE 692 m
Koolaus/SW 692 m
Mt. Kaala/SW 830 m

Mt. Haleakala/W 2559 m

Page 12: Change line 1190 LET H=81l4 to 1190 LET H=692
1220 LET H=814 to 1120 LET H=692
1250 LET H=1104 to 1250 LET H=830
1280 LET H=2803 to 1280 LET H=2559
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ABSTRACT

With the advent of the geosynchronous satellite mountain wave
clouds have become visible downstream of several islands in the
Hawaiian Island chain. Turbulence associated with these waves
poses a threat to aviation safety. This ﬁaper reviews the theory
of lee wave formation and several applications of that tﬁeory
with a view to now-casting turbulence categories associated
with the waves in the Hawaiian chain. A computer program for

minicomputers is described and suggestions for further study are

made.







|
L

I. INTRODUCTION AND HISTORY

Since data from the SMS-2 sa;ellite became avallable, mountain wave
clouds have been visible downstream of the Koolaus on Oahu and ocecasionally
dovn-stream of mountain ranges on Kauai, Molokai and Maui. Burroughs
and Larson (1978) have documented a couple of well-defined cases of lee
waves downstream of the Koolaus on Oahu. Subsequently a paper by
Reiter and foltz (1967) came to light which related the upward vertical
motion found in lee waves to documented turbulence reported by specially
instrumented planes. Using their formulations it is possibie to get
a quantitative feel for the actual turbulence in lee waves. Corby and
Wallington's (1956) application of Scorer's theories (1949), (1953), (1954)
was, also studied, and this resulted in the development of a computer program
called TURBULENCE. It is designed to compute categories of turbulence
in the vicinity of lee waves forming downstream of the Koolaus on the
igland of Oahq when winds are from the NE or SW quadrants, of Mt. Kaala
on the island of Oahu when winds are from the SW quadrant, and of
Mt. Haleakala on the island of Maui when winds are from the W quadrant.

A program listing and a sample for NE winds are included as Appendices.
IT. THEQRY

Scorer (1949) develops his theory utilizing dry, invieid, and isentropic
stream flow in which there is a small proportionate disturbance of the wind
velocity. He uses a two-layer model in which y is a stream function with
a small disturbance caused by a mountain. The equation of motion is given
by

327372 - (ge-248gLyp + (5U~2-(220/322)0"1-kD)p =0 1)
3 | .

where 2% = SU_2 - (E!zU/aZz)Uul is the Scorer parameter, (2




S=g9_l(86/82) is the static stability, and U is the wind speed Ct)
normal to the mountain range. k is the wave number in 2r unit distances
in a direction perpendicular to the axis of the mountain range.
Fig. 1 shows the diagram of Scorer's two-layer model to solve the
lee wave problem. The horizontal direction is taken normal to the axis

of the mountain range positive downstream of the range.
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For waves to form 21 - 22 > #/4h” . Since the second term on the right side

of (2) above is not important above the friction layer (900 m), it can

_normally be deleted; therefore,

% = su? (3)

and the wavelength is given by
A= 2me~l = 2nusT20 )

B

Corby and Wallington (1956) have shown that a spectrum of wavelengths occurs




in mountain wave events, but the largest wavelength corresponding to the
smallest wave number, k, dominates the flow and lies between 21 and 29;

therefore, they theorize

k2 = 2% + L2cos o

(5)
2 2 2 : ’
where L™ = 21 - 22 and k is the actual wave number measured from satellite
imagery, for example. The boundary height is given by
h = (ar =¢)/Lsina n=l, 2, 3, .... (6)

Generally n is taken to be 1 since all parameters describing the lee
waves are ﬁaximized for n = 1.
According to Corby and Wallington (1956), the most favorable conditions
for wave formation are when L2 is slightly greater than w%&hz, when L
is large and when Eg is small. However, Scorer (1954) points out that
even if these criteria are not met or Ly is not less than 21, waves
may form if an inversion is present. Corby and Wallington's (1956)

solution to (1) is given by

"
s v

27z =[-2 mhb/exp (kb)] (Ul/Uz)I,b z’k(awl,k/ak)sinkx (7)
where,F; is the deviation of a streamline at level z from undisturbed
flow,(alis height of the mountain, b is the half width of the mountain
determined from p = hb2/(b2 + xz) where p is the height of the terrain k.

ol (o & bowglh of Pt

at distance x from the crest of the mountain ridge, U; is the wind ‘L{VV{ L
Al L e £

component normal to the mountain crest at gradient level, Uz is the
wind component normal to the mountain crest at level z, wz K is the
-
stream function at level z for wave number k, and ¢q ; is the stream
H

function at gradient level for wave number k.



The upward maximum vertical motion is given by. ‘ :ﬁ)

_ o
w = UZ(BJZ

/ax)max =.[-20#E/exp(kb)] Upa k (8)
where

a = wz,k(awl’k/ak)‘l = amplitude factor
After some re-arranging and further work, Reiter and Foltz (1967) derived
the following formulation of (7) for the vertical motion in mountain

waves.

o | |
W, = -(Zﬁhb/exp(kb))Ule(sinza/(nw—u+ tang)) . | (9)

IIX. APPLICATION
Alaka (1960) showed
A = 2wﬁV§% ' (10)
where the bars indicate averages over large depths in the atmosphere.
Siﬁce'g is difficult to calculate, but U is relatively easy to fi)
cglculate,'g is derived using the following

5 = 4rlUen2

(11)
where U is the average wind component normal to the mountain range
from the pibal level nearest the crest to the pibal level where the
wind maximum occurs, A is the wavelength measured from the satellite
imagery.
2 2 .
Next ll and 22 are caleulated using the wind at the crest and
. . 2 , .
the maximum wind. These are used to determine L™, then o is determined
by re—arranging equation (5) such that
2 2, -2
o = arccos(c) where ¢ = (k —RZ)L (12)
but since the mini-computer available doesn't have an inverse cosine
function, an identify utilizing the inverse tangent function is used

instead. Therefore, ';)




arctan [(c"l)(l—cz)%] £13)

o

The wave number, k, is determined using

o

K = Dk (14)

1]

where A is the measured wavelength.

Four sets of mountain parameters have been determined using
p = hbz(b2 + xz)_l: a set for the Koolaus for trade conditions which
applies only to the portion of the range not windward of the Waianaes,
a set for the Koolaus for SW winds which applies to the portion of the
range not leeward of the Waianaes, a set for Mt. Kaala for SW winds,
and a set for Mt. Haleakala for W winds. The distance x was chosen
to be the distance at which the slope became appreciably more gentle
than that for the mountain range itself. Only in the case of a SW wind
over the Koolaus would the results be materially changed by changing x.
The effect would be to reduce the turbulence forecast and underforecast

\--,__ (. ol L” L(—\ “‘k_.’_\/\“./‘ A \-k L""— }}LL ’.\ = L < L {\/L Ly l-\,-
/ The follow1ng table applles

RANGE/WIND b ;;7’ 0 x

Koolaus/NE 3379m %i(?l;’ 400ft Smi

Koolaus/SW 756m Sim  400fc  1800m

Mt. Kaala/SW 3702m v%?gﬁp 900ft 4mi

Mt. Haleakala/W 4576m 2803m 800ft 8nm
i Z.Efsgl

Table 1. Parameters defining the equivalent mountain used in
determining upward vertical motion in the lee waves.

Reiter and Foltz (1967) developed a nomograph which gives estimated
Clear Air Turbulence intensity levels. 1In order to develop equations
for the curves in the nomograph curve fitting was done using cubic

equations. The fitted equations are given below.



Wy = 4.7451x10”*% = 2.5353x107%A% 4 0.448A + 0.576 (15)
W, = 1.3333x107%23 - 1,0%10°222 + 0.3862 + 1.0, (16) )
Wy = 2.5207x10 323 - 9.1369x10722% 41,242 + 1.0 | (17)

where Wl,?_, 3 are in msec—l apd A is in km. Wl de_fines a line separa_ting
categories of light and light to moderate turbulence; W, defines a line
separating_catego:ies of light to moderate and moderate to severe
turbulence; Wy defines a line separating categories 6f moderate to
severe and severe turbulence. W, is then compared. to Wl,2,3 and the
resulting category of turbulence is outputted.to the user.

IV. RESULTS AND PROBLEMS

In general, the results seem reasonable; howgver, in the trade
wind situation the maximum wind generally occurs below the trade
inversion, and the wvalues outputted appear low. Ca;culated values
may indicate light turbulence when, in fact, it's reported to be \w)
moderate. This may be dﬁe to a variety of reasons including errors.
in the data or data not being representative——How good are Wheeler
soundings? Do Lihue soundings represent the air mass over Oahu? Are
the Honmolulu pibals representati?e?——the way S, Ri, gz are calculated
and the neglect of (BZU/BZZ)U-l in (2). Errors due to these factors‘

appear to account for about 20 percent.

V. NOTABLE MISCELLANY

During trade wind situations two wind maxima are often apparent:
one associated with the northeasterly winds in the lower half of the
troposphere, and the other associated with the westerly winds in the
upper half of the troposphere with a minimum and wind reversal
between. Under these circumstances the nﬁmber of wind velocities ;>
inputted include only those from the crest of the ridge to the first

maxima.
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In the few cases examined it has been noted that the criteria
L2 > w/4h2 has not been met whenever a strong inversion exists, even
though waves have been evident. Scorer (1954) notes an inversion alters
the criteria for wave formation. To overcome this problem somewhat and
to account for the errors previously discussed, the criteria has been
altered to L2 > 0.9w/4h2, and a question has been added to help the
forecaster decide whether or not to go on. Scorer (1953), (1954) has pointed
out several other interesting facts which help to explain what i; often
seen in the SMS5-2 imagery at Honolulu. There is a diurnal variatioﬁ in
ﬁavelength which occurs and may explain why (especially during trade

conditions) the waves disappear in the aftermnoon. 22 is reduced after

sunrise and increased after sunset due to heating and decreasing

stability. As the day progresses the wavelength increases until it

essentially becomes infinite, i.e., there is no wave, and the criteria
L2 > ﬁ/4h2 is no longer met. They tend to reappear at dusk. Waves
occurring downstream of a single peak have shorter wavelengths and less
turbulence than those downstream of an "infinite ridge". The persistence
downstream of ﬁaves is greater the longer the ridge. The longer the
wavelength is; the greater the amplitude is, Also narrower, sfeeper
obstructions induce greater amplitudes (that's why the SW flow over the -
Koolaus on the island of Oahu can be so dangerous; fhe amplitude of

the waves created is greater; and therefore, the turbulence is greater).
Where a temperature inversion exists, the maximum amplitude of the waves
will occur below the inversion. Where the amplitude is greatest is

where the shear is greatest; and, hence, the turbulence is greateast

(Pao and Goldburg, 1969).




- VI. SUGGESTED PROJECTS

Several projects which would improve and expand the program's

capabilities follow. Lee waves tend to damp out downstream, and a

regression equation relating the number of waves downstream to the

average wind speed normal to the ridge from the crest of the ridge

to the wind maximum éhould be derived. TFrom this regression equation

a dampiné function can be developed to show the forecaster how far

dovnstream moderate of greater turbulence can be expected. There

are days when conditions favorable to formation of lee waves exist,

but wave clouds do not form due to lack of moisture or cannoct be seen -

due to mid and high cloud interference, Here again a regression

equation should be developed equating the wavelength to the average -
R D)

wind speed (defined above). 1In both derivations suggested, separate

formulae should be developed for strong inversion situations where the

speed maximum is below the inversion and for all other cases combined.

It may be necessary to further stratify the data by wind direction,

Once such regreésion equations exist, a shift from noﬁcasting to

forecasting can be made because it will no 1onge; be necessary to see

wave clouds to do the calculations., The forecasts could then be

refined by use of the satellite imagery. The program's utility may

algo be increased by adding mountain parameters for Kauai, Molokai

and the combine& effect of the Koolaus and Waianaes, Some means of

.making the Koolaus and Waianaes into an equivalent'range needs to

be studied before the latter can be done.
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"THIE PEOGEAM GIVEEZ CRTRRORIEZ OF TUPBULEH&E WHICH Ry
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"AT LERET = WAVE CLOUDE MEARZURE THE DIZTAMCE FROM FIRZT®
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- Appendix I (Cont'd)
LET P=2#P14H+E+A1 [114L3% SIH 010+ SIM D10 wwmmem g oo oo

LET = ExP cE+Br#{Pi-C1+ THH 122
LET W= AEE =F-01)

IF Wi S07TH 1441

IF Wos=i IF Wo<kE 5070 1500
IF Wdr=Wz IF Wo<ez 2070 1520
Ce=Ci+130-F1

FT "CHELCULATION IMDICHATERZ ZEVERE THhEUIEH#E FREZEMT. "

HT "RECOMMEMD ZIGMET BE I IED. MR TURBULEMCE WILL QCCHREY
"EEL Db IMYERSIONM IF PREZEMT AMD IM THE FIERET FEW LBVEZ"

MT “MERREZT CREZT OF RIDGE. IF MO IMYERSICH. PREZEMT MAX

HT "TUREBLULEMCE WILL DBoCUR BELOMW LEYWEL COF MH”E CLOoun TOPE.D™

0 1esl

“CRLCULATION IMDICHTE:R LIGHT THREBULEMZE OR LEEZEL PRE-"
HT “SEMT WICIMITY WAWE CLOUDS, UMLESE OTHER DRTH IMDICATE"
"TUREULEMCE OF A HIGHER CATHEORY. FECOMMEMND MO RIFMET"
"BE IREUEL.C

I=1=31

;

e

557

—

i
——

-

I

"CALCULATION INDICATES LIGHT TO MODERETE TURBLLEMCE"
T "FREZEAT YICINITY WAWE CLOUDS, RECOMMEMD BIRMET BET
“IZEUED. MAY TUREBULEMCE WILL OCCUR BELOW IWMWERSION IF”
MT “"PREZEMT AMD IN THE FIRST FEW WSWES CLOZEST 7O THE”
MT "CREZT OF THE RINGE. IF MO IMVERZION PRESENT MY TUR-"
MT "EULEMCE WILL OCCUR BELOW LEYEL OF WAWE CLOUD TOPS. "
O_1E&0

MHT "CRLCULATION IMDICATEZ MODERATE TO ZEVERFE TURBULENCE®
HT UFREZEMT WICIMITY WAWE CLOUDE, RECOMMEMD ARIRMET EBET
“ISSIUED UMLE=Z OTHER IDATR IMBICRTER A SIGMET Ix RE-T
HT “RUIRET. MR TUREULEMCE WILL OCCUR EELDOW IMVERZION TF®
MT “PREZEMT AMD IW THE FIRIT FEW WRAVET CLOZEET TO THE®
PMT "CREST OF THE RIDSE. IF MO IMWERIION FREZENT MPE TUE-"
MT “BULEMCE WILL CCCUR EBELOW LEVEL OF WeRYE CLOUD TGRIZLT
HMT :

HMT "ALL CUTPUT WeLUEE ARE IM MOE.Z. UMITELT

‘THE ABSOLUTE YALUE OF YERTICAL WIMD SFEED = "WOF" Moo
HT "AYERAGE MORMAL WIND SPEED = “A2F" MDY

1 CRVERRGE STATIS STREILITY = "5t

CWEVELEMETH = "his " M*
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o APPENDIX II : -

SAMPLE OUTPUT ’ . »
#TUREBULEMNCE

THIL PROGEAM RIVEER CATARGORIEE OF TUREBULEHMCE WHWHICH MAY
EE ESPECTED IM THE %ICIMITY OF WAYESLT IM THE LEE 0OF
MOGMTATM BRMEEES OF IMDIVIDUAL MOUMTHIMN PEREE, IT I=
CURREMTLY %RLID FOR THE FOOLALE WHEMN WIMGE RRE FROM
THE HE OF =4 QURDERMTIZ. MT EAARLA WHEM WIMDE ARE FROM
W GUATRAMT AMD M7 HHLEHFHLH WHEM HWIMDET ARRE FROM THE

4 QUADRAMT. THE IMFUTE TO THE PROGEAEM RRE THE HMUMEER
OF FIEBAL WIMDE BETWEEM THE CREZT OF THE MOUMTRIM

AMD THE MR WIMD /AEOVE THE CREET INMCLUEIYE: THE WIMD
DIRECTION AMD ZRFEED AT ERCH LEYEL: AMND THE LWAYELEMSETH -
VMERIZURED RE: THE MIUUMEBER OF WAYES FER DIZTARMCE. IE UZIMG
AT LERST 9 WRWE CLOUDRE REATIIRE THE DISTAMNCE FROM FIRET
TO LA=T WAYE AMD IMFUT THE HMHUMEER OF WAVEIZT AMD THE
ODISTHMCE MERTZURED IM MHRUTICRL MILES OMMx, THE Z000FT
WIMD I% THE ZTARTIMG POIMT FOR THE MOUMTRIMNZ OF ORSLU,
THE 10000FT WIMD OF WIMD MERREEZT TO THRT LEWEL AREOVE
THE ZUmMIT OF HELEREALAE 12 THE STRRTIMGE POINT OMH MRLIT,
THE LAEST MIHE IHFUTTED ZHOULD ALWAY=E BE THE MAX WIMD,
UZE THE BE=ST WIMDE AYAILAEELE. Y0OU MERY U=RE WP TO 25
IHT “ﬁLD!ITI;_. LIEE ErMOT7TE FOR ALL WIMD ZFEEDE.

HEAT I= THE MUMEER GF WIMD YWELOCITIE= vOU WIZH TO UZET

SI”E ME YOUR WELOCITIETZ AR DIRECTIOM.: ZFEED RETURM.

TR 28T 7S 2IT O OTS. 36 fj)
SIVE ME HUMEER OF WAWEEZ, DIZTAMCE MERIURED RETURM -

______

SIVE ME WIMD DIRECTIOM. IF HE QURD TWFE 1» IF I GURD
TYPE 2. IF WRWEER ARPFERR TO RBE FORMIMG -IM THE LEE OF MT
FARARLA OHLY TYPE 2 IF W GOURLT TYPE 4.

FIA FOR LEE WARYEZ HEYX MEOT BEEM MET, DO YO WIEH
MTIMUE THE CALCULATION. IF YEX TYFE 1. IF MO TYFE
HTIMLE IF STROMG IMWERZION ERIZTE OF IF WAYE

T ALEEADY EXIST.

a0 —a--
3

CELCULATION IMDICRTES LISHT TUREULEMCE DR LEZT FRE-

SEMHT OWICIHITY WAWE CLOUD=. UMLEZZ OTHER IORTA IMDICHTE
TUREBULEMNCE OF A HIGHER CRTARGORY. RECOMMEMD HO RIRMET

EE IZZUIED.

ALl OUTFUT wALLES RRE IH Plebl, &, LIMITE:.

THE ARITOLUTE YHLLUE EF.ﬁEETIDHL WIMD SPEED = 1.471de  pox
AYERAGE MORMAL LIMD SFEED = 15,792

4

[y

Ill

S PR
HWERRIRE ETHRTIC ZTREILITY =
WARYELEMETH = 1093233 M

ZRE-05

i
I‘l_'l
[‘| 3

0o woul WIZH 7O COMTIMUET IF YET TYPE 1 IF MO TwFE 2. M;:)hﬂ’
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